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Abstract-In this paper, we construct a one-dimensional map with a nonhyperbolic fixed point at 
zero for which the orbits converging to zero and the solution of the associated variational equation can 
be determined explicitly. We extend the construction to parameterized systems where the iixed point 
undergoes bifurcations. Applications are indicated to heteroclinic orbits that connect a hyperbolic to 
a nonhyperbolic fixed point with one-dimensional center manifold. @ 2004 Elsevier Ltd. All rights 
reserved. 
Keywords-Polynomial rate of convergence, Bifurcation, Discrete dynamical systems 
1. INTRODUCTION 
Consider a time discrete dynamical system depending on a parameter 
where Ic 2 1 and the map f is smooth with respect to both x and A. Further assume that at X = x, 
the map f(., A) is a diffeomorphism with two fixed points &, such that [- is hyperbolic and <+ 
has a one-dimensional center direction. This situation arises, for example, when [+ undergoes a 
fold, flip, or pitchfork bifurcation at x (cf. [1,2]). 
In order to analyze the bifurcation of such heteroclinic orbits as well as the numerical approx- 
imation, it is essential to understand the polynomial behavior of the restriction of (1) to the 
one-dimensional center manifold at <+ (cf. [3%5]). 
In this paper, we discuss a very useful model function that allows us to study the orbit and the 
solution of the associated variational equation explicitly. In Section 3, this function is used to give 
an explicit example for a discrete time dynamical systems with a nonunique center manifold. To 
analyze the pitchfork bifurcation, the model function is extended by a bifurcation parameter in 
Section 4. In particular, we will see how the exponential rate of convergence for X < X turns into 
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a polynomial rate for X = i. The general bifurcation analysis and an approximation theorem for 
nonhyperbolic orbits can be found in my Ph.D. Thesis [5] and will be published in forthcoming 
papers. 
2. THE MODEL FUNCTION FOR A NONHYPERBOLIC ORBIT 
Consider, for q E N and b > 0, the following map: 
g(x,q7b) = (1 + brxq)l,q. (2) 
Taylor expansion at 0 gives 
g (x, q, b) = x - bx4+l + C’ (xq+2) 
This map has the nice property that an orbit x,+1 = g(x,, q, b) with starting point 50 = 
l/(y(bq)‘lq), y > 1, has for all n E Z+ the explicit representation 
1 
x - 
n - (bq)“’ (yq +TL)~‘~ = (l+ b;:;n)“” 
If q is even, the starting point yc = -xc leads to the orbit yn = -x, for n > 0. 
Starting at uc = (l/r’) x0, the associated variational equation 
(3) 
has the explicit solution 
1 
‘%I = $k = (bq)l/q (rq + ,)l+‘/q 
and all other solutions (w,),>c are multiples. 
By comparing Taylor’s expansion of g(x, q, b) with an arbitrary function of the form f(x) = 
x-bxqt1+0(xqt2), one can prove the polynomial rate of convergence for an f-orbit x, towards 0. 
It holds that x, E (l/(bq)l/‘J)(l/n’/‘J), see [4]. Furthermore, we get U, z C(l/nl+l/q) with a 
constant C > 0 (cf. [5]). F or a different approach to these asymptotics, see [6]. 
Notice that the solution operator @(n,m) of (3), defined for n > m, > 0 by Q(n, m) = 
ny$ gz(xi, q, b), has the following representation: 
12 + yq ( > 
-l-l/q 
@(n,m) = ~ 
m + yq 
For an arbitrary f(x) = z - bxq+l + 0(x’J+2), one can show the estimate 
/@ (n, m)] 5 C (2) -1-1’q , for some constant C > 0. 
This leads to the definition of a polynomial dichotomy (cf. [5]). 
3. NONUNIQUENESS OF CENTER MANIFOLD: AN EXAMPLE 
It is well known that the center manifold is in general not unique. The standard example for 
continuous time systems is 
i=x2, 
?j = -y. 
A Model Function 3 
This system has the equilibrium (z, y) = (0,O) and p ossesses a family of one-dimensional center 
manifolds (see [l]) given by 
for 2 vz(O) 1(&Y) ael/“, < 0, = : Y = L(x)) 3 ha(x) = 
0, for IC 2 0. 
With the map above, we can construct an analogous explicit example for discrete time systems. 
Consider the map 
Orbits, with positive z-component, converge to the fixed point (O,O), in particular the starting 
point (zc,ye) = (1,l) leads to the orbit (z,, y,) = (l/(n. + l), l/an), n > 0. 
A family of center manifolds (see Figure 1) is given by 
w: (0) = {(X> ha (x)) : x E (-Ll)}, 
ae-(1/z)10g2, for 5 > 0, 
h,(x) = o 1 , for z < 0. 
To verify this, the invariance condition must be fulfilled 
= cye-w~)lw2e--lw2 = Icye-w”+o = Ah(,) 
2 2 ’ 
for 5 > 0. 
Figure 1. A family of center manifolds for the discrete time system (4). 
4. THE PARAMETERIZED MODEL FUNCTION 
In this section, we extend the model function with a parameter X such that bifurcations of the 
fixed point (0,O) can be studied explicitly. Taylor’s expansion of the extended model function 
at 0 has the form 
g (x, A, q, b) = AZ - bzq+l + c3 (x?‘“) . 
At X = 1 this function coincides with (2). 
First. we show that every g(., X, q, b)-orbit h as an explicit representation. 
PROPOSITION 1. For the orbit 5, = gn(ze, X, q, b), n E Z+, we get 
1 A’” 
x0 = 
Y P%%P4 ’ 
721 ===+ 2,= l/q 
Pq/X) l” 
n-1 
-P + ,F;, xqi 
> 
(5) 
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PROOF. The proof follows by induction: 
x (h”/((Dp/hj’i’ (Y+kJqyq)) 
= (1+ (bq,A) (wj+q!~) (79 +;ghqi)))yq 
An+1 = 
h/#‘q (9 + &iqyv’ 
I 
The following lemma gives us the solution of the associated variational equation. 
PROPOSITION 2. For a g(., A, q, b)-orbit (X n ~0 the variational equation (3) has the solution ) 
X?l u, = = n-1 
) 
1+1/q. 
yq + c xqi (W41’q qi i=o 
(6) 
Furthermore, the solution operator has for all n > m > 0 the form 
n-1 -l-l/q 
yq + c A@ 
@ (n, m) = A”-” i=O t 1, m-1 yq + c xqi i=o 
PROOF. Using the explicit representation (5) f o z, the proof of (6) follows by induction. 
For the solution operator a, we get, for n > m > 0, 
n-1 n-1 
@(n,m) = n g,(xi,kq,b) = n 
i=m 







For q = 2 the fixed point E(A) = 0 undergoes a pitchfork bifurcation at X = 1 (cf. [1,2]) and 
for X > 1 a new branch of fixed points q*(X) := +d(X” - X)/(2b) emanates. 
The explicit representation (5) h s ows that we have an exponential rate of convergence for X < 1 
which turns into a polynomial rate at X = 1. For X > 1, we have an exponentially fast convergence 
to one of the new fixed points q+(X) depending on the sign of the initial value, see Figure 2. 
A hIode Function 
(a) The bifurcation diagram of the fixed point in the case of a pitchfork bifurcation 
(q = 2). The arrows symbolize the exponential/polynomial rate of convergence for 
an orbit with positive starting point towards the fixed point. 
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(b) The distance of an orbit zn(X) from the fixed point, as a function of n and X 
Figure 2. 
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